IN THE 1980s the topology of low dimensional manifolds has experienced the most remarkable intervention of ideas developed in rather distant areas of mathematics. In the 4-dimensional topology this process was initiated by S. Donaldson. He applied the theory of the Yang-Mills equation and instantons to study 4-manifolds. In dimension 3 a similar breakthrough was made by V. Jones. He discovered his famous polynomial of links in 3-sphere S 3 via an astonishing use of von Neumann algebras. It has been soon understood that deep notions of statistical mechanics and quantum field theory stay behind the Jones polynomial (see [8, 16, 18] ). The relevant basic algebraic structures turn out to be the Yang-Baxter equation, the R-matrices, and the quantum groups (see [5] [6] [7] ). This viewpoint, in particular, enables one to generalize the Jones polynomial to links in arbitrary compact oriented 3-manifolds (see [13] ).
IN THE 1980s the topology of low dimensional manifolds has experienced the most remarkable intervention of ideas developed in rather distant areas of mathematics. In the 4-dimensional topology this process was initiated by S. Donaldson. He applied the theory of the Yang-Mills equation and instantons to study 4-manifolds. In dimension 3 a similar breakthrough was made by V. Jones. He discovered his famous polynomial of links in 3-sphere S 3 via an astonishing use of von Neumann algebras. It has been soon understood that deep notions of statistical mechanics and quantum field theory stay behind the Jones polynomial (see [8, 16, 18] ). The relevant basic algebraic structures turn out to be the Yang-Baxter equation, the R-matrices, and the quantum groups (see [5] [6] [7] ). This viewpoint, in particular, enables one to generalize the Jones polynomial to links in arbitrary compact oriented 3-manifolds (see [13] ).
In this paper we present a new approach to constructing "quantum" invariants of 3-manifolds. Our approach is intrinsic and purely combinatorial. The invariant of a manifold is defined as a certain state sum computed on an arbitrary triangulation of the manifold. The state sum in question is based on the so-called quantum 6j -symbols associated with the quantized universal enveloping algebra U q (sl 2 (C)) where q is a complex root of 1 of a certain degree r > 2 (see [9] ). The state sum on a triangulation X of a compact 3-manifold M is defined, roughly speaking, as follows. Assume for simplicity that M is closed, i.e. ∂M = ∅. We consider "colorings" of X which associate with edges of X elements of the set of colors {0, 1/2, 1, . . ., (r − 2)/2}. Having a coloring of X we associate with each 3-simplex of X the q-6j -symbol
where (i, l), (j, m) , (k, n) are the pairs of colors of opposite edges of this simplex. We multiply these symbols over all 3-simplexes of X and sum up the resulting products (with certain weights) over colorings of X.
The main point of the construction outlined above is independence of the state sum of the choice of triangulation. This is verified using a geometric technique developed by M.H.A. Newman [12] and J.W. Alexander [1] in the late 1920s. Alexander proved that some simple transformations of triangulations of polyhedra enable one to relate any two combinatorially equivalent triangulations. These Alexander transformations are infinite in number even in the case of 3-dimensional manifolds. However, in the case of triangulations of manifolds one may pass to the dual cell subdivisions. This passage transforms the Alexander moves into certain operations on cell complexes. These latter operations can be presented as compositions of certain local moves, which are finite in number in each dimension. In particular in dimension 3 there are three such moves. (Essentially these moves were considered by S. Matveev [11] and R. Piergallini [21] in their study of special spines of 3-manifolds). Thus, translating our state model into the "dual" language we have to check only 3 identities which happen to follow directly from the basic properties of q-6j -symbols.
The ideas outlined above lead not only to numerical invariants of 3-manifolds but rather to a 3-dimensional non-oriented topological quantum field theory (corresponding to the root of unity q; for a general discussion of topological quantum field theories see [2] .) In particular, with each closed surface F we associate a finite-dimensional vector space Q(F ) = Q q (F ) over C. The full modular group ModF (the group of isotopy classes of degree ±1 homeomorphisms F → F ) canonically acts in Q (F ) . Note that to define Q(F ) we have to fix a triangulation of F and to show that a posteriori Q(F ) does not depend on the choice of triangulation up to a canonical isomorphism. In this respect our construction resembles very much the construction of simplicial homology.
It would be most important to relate our invariants of 3-manifolds with Witten's topological quantum field theory based on a Feynmann integral with non-abelian Chern-Simons action [18] and its mathematical counterpart introduced in [13] . In contrast to [18, 13] , our invariants are not sensible to orientations of manifolds. Moreover they are defined for non-oriented (and even nonorientable) manifolds. Note also that the action of ModF in Q(F ) discussed above is an honest linear action in contrast to the projective action in [18, 13] . These obsevations suggest that for orientable 3-manifolds our topological quantum field theory is related to F ⊗F where F is the theory constructed in [13] and overbar is the complex conjugation.
In a forthcoming paper of the first author our constructions will be used to produce invariants of links in compact 3-manifolds which are computed from triangulations of link exteriors and which generalize the Jones polynomial of links in the 3-sphere.
In the case r = 3, q = exp(±2π √ −1/3), our invariants may be computed from standard cohomological invariants of manifolds. In particular, this computation shows non-triviality of our invariants.
Actual computation of our invariants from their definition is algorithmical but rather workconsuming. With this view we develop a dual approach to the invariants based on the theory of simple 2-skeletons of 3-manifolds. This theory generalizes the theory of special spines (see [4, 11, 21] ). Namely, we show that the invariants may be computed via a state sum model on any simple 2-skeletons. Usually it is easier to deal with simple 2-skeletons than with triangulations. Here the situation is similar to the one in homology theory where simplicial homology of polyhedra are computed in terms of cell decompositions. The difference however is that cell decompositions generalize triangulations whereas simple stratifications generalize the cell subdivisions of 3-manifolds which are dual to triangulations.
In particular this dual approach enables one to calculate our invariants from Heegaard diagrams.
Note that q-6j -symbols were used in [17] in a different manner to produce isotopy invariants of links in those 3-manifolds which are circle bundles over surfaces.
The paper consists of eight sections. In Section 1 we introduce our state sum models on triangulations of 3-manifolds. Section 1 begins with an axiomatic description of algebraic objects which are prerequisite for our approach to constructing invariants. We present the state sum model for closed 3-manifolds (this case is conceptually simpler) and then proceed to 3-manifolds with boundary.
In Section 2 we construct the relevant 3-dimensional topological quantum field theory and, in particular, define the corresponding representations of the modular groups.
Sections 3, 4 and 5 are devoted to proof of independence of the state sum on the choice of triangulation. In Section 3 we recall the Alexander theorem and translate it into the dual language. In Section 4 we introduce simple 2-polyhedra and study a version of our model on these polyhedra. In Section 5 we conclude the proof of the invariance of the state sum.
In Section 6 we develop an approach to the same invariants based on the theory of simple stratifications.
In Section 7 we show that the q-6j -symbols where q is a root of unity fit in the framework of our constructions.
In Section 8 we present calculation of |M| for M = S 3 , RP 3 , L (3, 1) and S 1 × S 2 . Section 9 is concerned with the simplest case: when q is a cubic root of unity. In this case we give an interpretation of our state sum invariants in terms of cohomology. In Appendix 1 we prove a relative version of the Alexander theorem (used in Section 5).
In Appendix 2 we discuss simple spines of manifolds. Topological part of this paper is written in PL-category. In particular, all manifolds as well as maps of polyhedra are piecewise linear.
STATE SUM INVARIANTS OF TRIANGULATED 3-MANIFOLDS

Initial data.
In this subsection we describe our initial, purely algebraic data which will be used below to define an invariant of triangulated 3-manifolds.
Fix a commutative ring K with unity. Denote by K * the group of invertible elements of K.
Assume that we are given a finite set I , a function i → w i : w i : I → K * , and an element w of K * . Assume that we have distinguished a set adm of unordered triples of elements of I .
Here we put no condition on this set of triples; in particular, elements of a triple are permitted to coincide with each other. The triples belonging to this distinguished set will be said to be admissible. An ordered 6-tuple (i, j, k, l, m, n) ∈ I is said to be admissible, if the unordered triples
are admissible. (A geometric motivation of this definition will be given in the next subsection.) Assume that with each admissible 6-tuple (i, j, k, l, m, n) ∈ I it is associated an element of K. We will denote this element by i j k l m n and call it the symbol of the 6-tuple. Assume finally the following symmetries of the symbol: for any admissible 6-tuple
Note that if the 6-tuple (i, j, k, l, m, n) is admissible then the 6-tuples (j, i, k, m, l, n), (i, k, j, l, n, m) , (i, m, n, l, j, k) , (l, m, k, i, j, n) and (l, j, n, i, m, k) involved in (1) are also admissible. Now we introduce some conditions on initial data. Let us say that the initial data described above satisfy the condition ( * ), if for any j 1 , j 2 , j 3 , j 4 , j 5 , j 6 ∈ I such that the triples (j 1 , j 3 , j 4 ), (j 2 , j 4 , j 5 ), (j 1 , j 3 , j 6 ), and (j 2 , j 5 , j 6 ) are admissible we have
Here δ is the Kronecker delta. It is understood that we sum up over j such that the symbols involved in the sum are defined, i.e. the 6-tuples involved are admissible.
The initial data is said to satisfy the condition ( * Here, as above, we sum up over such j that all the symbols involved are defined. Conditions ( * ) and ( * * ) axiomatize the orthogonality and the Biedenharn-Elliot identities for q-6j -symbols.
The initial data is said to satisfy the condition ( * * * ), if for any j ∈ I
The initial data is said to be irreducible, if for any j , k ∈ I there exists a sequence
The following Lemma shows that in the case of irreducible initial data it suffices to verify the equality of the condition ( * * * ) only for one value of j . Proof. Irreducibility implies that it is sufficient to prove that
for any j, r ∈ I such that there exists i ∈ I with (i, j, r) ∈ adm. Fix such (i, j, r). The condition ( * ) implies that if k, l ∈ I are such that the triple (j, k, l) is admissible then
Thus
Formula (2) with interchanged indices l, m and j, r permits to replace the expression in the brackets by w
r . This gives the desired result. 
Colored tetrahedra.
By a colored tetrahedron we will mean a 3-dimensional simplex with an element of the set I attached to each edge (see Fig. 1 ).
The element attached to an edge E is called the color of E. A colored tetrahedron is said to be admissible if for any its 2-face A the colors of the three edges of A form an admissible triple. Now we can explain geometrically the notion of admissible 6-tuple. A 6-tuple (i, j, k, l, m, n) ∈ I 6 is admissible iff the colored tetrahedron presented in Fig. 1 is admissible.
Each admissible colored tetrahedron T gives rise to a set of admissible 6-tuples. Namely, choose a 2-face A of T and write down the colors of the edges of A followed by the colors of the opposite edges of T . This gives an admissible 6-tuple, which depends, of course, on the choice of A and on the choice of order in the set of edges of A. Clearly the resulting 24 admissible 6-tuples may be obtained from each other by the obvious action of the symmetry group of T , which is the symmetric group S 4 . Equalities (1) ensure that the symbols of these 6-tuples are equal to each other. Denote the common value of these symbols by |T |. Note that to define |T | ∈ K we have not used an orientation of T .
State model for closed 3-manifolds.
Let M be a closed triangulated 3-manifold. Let a be the number of vertices of M, let E 1 , . . . , E b be the edges of M, and let T 1 , . . . , T d be the 3-simplexes of M.
By a coloring of M we mean an arbitrary mapping
A coloring is said to be admissible if for any 2-simplex A of M the colors of the three edges of A form an admissible triple. Denote the set of admissible colorings of M by adm(M). Each admissible coloring ϕ of M induces an admissible coloring of each 3-simplex T i of M. Denote the resulting colored tetrahedron by T ϕ i . For ϕ ∈ adm(M) put
Put The proof of 1.3.A is given below in Section 5. Theorem 1.3.A gives a scheme to define topological invariants of 3-manifolds. To realize it, one needs concrete initial data. Some initial data are given below in Section 7.
Relative case.
Let M be a compact triangulated 3-manifold. Let a be the number of vertices of M. Suppose that e of them lie on the boundary ∂M. Let E 1 , . . . , E b be the edges of M, and let T 1 , . . . , T d be the 3-simplexes of M. Let exactly the first f of the edges lie on ∂M.
By a coloring and admissible coloring of M we shall mean just the same as in 1.3. By a coloring of ∂M we mean an arbitrary mapping
A coloring of ∂M is said to be admissible if for any 2-simplex A of ∂M the colors of the three edges of A form an admissible triple. Denote the set of admissible colorings of ∂M by adm(∂M).
For any admissible coloring ϕ :
For α ∈ adm(∂M) denote by adm(α, M) the set of all admissible colorings of M which extend α. Put
If adm(α, M) = ∅, i.e, α has no extension to M, then M (α) = 0 (as the sum of the empty set of summands). This Theorem generalizes Theorem 1.3.A and is proven below in Section 5.
FUNCTORIAL NATURE OF THE INVARIANTS
Operator version of the invariant.
For each triangulated closed surface F we define a K-module C(F ) to be the module freely generated over K by admissible colorings of F . One may equip C(F ) with the scalar product C(F ) × C(F ) → K which makes the set of admissible colorings an orthonormal basis of C(F ).
If F = ∅, then we put C(F ) = K (in accordance with the generally accepted convention that there exists exactly one map ∅ → I ).
Let W = (M; i + , i − ) be a cobordism between triangulated surfaces F + and F − , i.e. M is a compact 3-manifold, i + : F + → ∂M and i − :
by the formula
where α is an admissible coloring of F + and i + (α) ∪ i − (β) ∈ adm(∂M) is the coloring determined by α and β. In other words, W is the homomorphism which has, with respect to the natural bases of the spaces C(F + ), C(F − ), the matrix with elements
The 
The following theorem is a straightforward corollary of definitions. 
. We will denote it by .
The identity Thus we have, for any initial data, the functor F → Q(F ), W → W from the category of cobordisms of (topological, i.e. non-triangulated) surfaces to category of K-modules. Following to a modern terminology (see [2] ), it can be called a topological (2 + 1)-dimensional quantum field theory. Note however that originally this term is applied to a functor from the category of oriented cobordisms (of oriented surfaces).
Actions of modular groups.
The functor of the preceding Subsection determines naturally representations of modular groups (= mapping class groups of closed surfaces = groups of isotopy classes of homeomorphisms of surfaces).
Let F be a closed surface, h :
and α is an admissible coloring of the triangulation of F . In other words, h # is the homomorphism (
As follows from 2.
By the same reason as for W above, h # induces a homomorphism Q(F ) → Q(F ). We denote this induced homomorphism by h # . The identity (h
, and thus h * is an isomorphism for any homeomorphism h.
If homeomorphisms h and g are isotopic, then h # = g # and therefore h * = g * . Indeed,
since using an isotopy between h and g it is easy to define a self-homeomorphism of F × [0, 1] which is identity on F × 0 and maps
Thus for any closed surface F we have a representation of the mapping class group of F in Q(F ). 
Then each coloring of a 3-manifold M composed with c is a 1-cocycle of M. For any h ∈ H 1 (M; Z 2 ) one can define a state sum invariant of h summing up our state sum terms (5) over all colorings which induce cocycles representing h. This refines the theory introduced above. [1] relating different triangulations of a manifold.
TRANSFORMATIONS OF A TRIANGULATION AND ITS DUAL
Let X be a polyhedron with a triangulation T , let E be its (open) simplex and b ∈ E. Remind that the (closed) star of a simplex E is the union of all closed simplexes containing E, it is denoted by St T E. The transformation of T which replaces the star St T E by the cone over the boundary of St T E centered in b is called a star subdivision of T along E. (Simplexes of the initial triangulation which do not belong to the star of E also belong to the new triangulation of X.) Star subdivisions were introduced by Alexander [1] . We will call them the Alexander moves. Figure 2 shows a star subdivision along an edge in the 2-dimensional situation.
J.W. Alexander [1] used previous results of M.H.A. Newman [12] to prove the following theorem.
3.1.A THEOREM. For any polyhedron P , which is dimensionally homogeneous (i.e. is a union of some collection of closed simplexes of the same dimension), any two triangulations of P can be transformed one to another by a finite sequence of Alexander moves and transformations inverse to Alexander moves.
Relative version.
To prove 1.4.A we need the following relative version of the Alexander theorem.
3.2.A THEOREM. Let P be a dimensionally homogeneous polyhedron and Q its subpolyhedron. Any two triangulations of P coinciding on Q can be transformed one to another by a sequence of Alexander moves and transformations inverse to Alexander moves, which do not change the triangulation of Q.
The proof of 3.2.A is given in Appendix 1.
Dual picture of the Alexander move.
The local picture of the Alexander move along a simplex E of a triangulated space P is determined by the combinatorics of the star of E in P . In particular, if P is a 3-manifold and dim E = 1 then this local picture is determined by the position of E with respect to the boundary: E may be contained in ∂P or not, and by the number of 3-simplexes containing E. Thus the number of the moves is actually infinite, which makes it rather difficult to verify directly the invariance of our state sums under the Alexander moves.
In the frameworks of triangulations we can not factorize the Alexander moves into more elementary ones, which would be finite in number. (How to do this for a kind of singular triangulations, is discussed in Appendix 2.)
To circumphere this problem, we pass to the dual picture for the moves. Recall that each combinatorial triangulation of a manifold M induces a relative cell subdivision of the pair (M, ∂M). This subdivision is said to be dual to the original triangulation. It is constructed as follows. With each strictly increasing sequence A reader whose topological background does not contain these notions, can just look at Fig. 3 , where the pieces of barycentric stars contained in one tetrahedron are drawn boldface. As the whole 3-manifold is a union of tetrahedra, its barycentric star subdivision is the union of subdivisions of Fig. 3 . Now let us visualize the transformation of the barycentric star subdivision corresponding to the Alexander move along an edge E not contained in the boundary of the manifold. Consider, first, a simpler 2-dimensional picture shown in Fig. 4 . The barycentric star E * of the edge E is replaced by a quadrangle. In the 3-dimensional case shown in Fig. 5 .1 the barycentric star E * of the edge E is a plaque. In result of the Alexander move the halves E 1 and E 2 of E come up. The corresponding plaques E * 1 and E * 2 have the same number of sides as E * and are positioned on both sides of it. Except E 1 and E 2 , the only new edges emerging under the Alexander move are the edges connecting the new vertex E 1 ∩ E 2 with the vertices of the link of E. Their barycentric stars are quadrangles joining the corresponding sides of E * 1 and E * 2 . Together with E * 1 and E * 2 they constitute a prism. Thus the Alexander move replaces a plaque E * by a prism. This is the only change. As we mentioned above the Alexander moves in dimension 3 along edges form an infinite series of moves. In our dual picture the members of this series differ from each other in the number of sides of E * . In the case of 3-manifolds when E does not lie in the boundary and dim E = 2 or dim E = 3 the dual pictures of the star subdivisions are shown in Figs 5.2 and 5.3.
Factorizing the Alexander move.
Let E be an edge of a triangulation of a 3-manifold M and let E do not lie on ∂M. Consider the dual picture of the Alexander move along E. It is easy to imagine a process which creates gradually from the old barycentric star subdivision the new one. In Fig. 6 .1 such a process is shown. It starts with creating a small bubble in the center of E * . Then we puff up this bubble. In some moment it reaches the boundary of E * . This happens in an internal point of some side of E * . Then the base circle of the bubble crosses vertices, one by one. Stop when the bubble engulfs the whole E * . At this moment our prism is ready: it consists of the old E * , the bubble surface and the parts of the old 2-strata adjacent to E * contained inside the bubble.
The similar processes corresponding to the cases dim E = 2, dim E = 3 are shown in Figs 6.2 and 6.3.
It is clear that the processes shown in Fig. 6 may be decomposed into sequences of elementary (local) events shown in Figs 7, 8 , and 9. However these local modifications do not proceed inside the class of barycentric star subdivisions of triangulations. Thus to appeal to these processes we have to enlarge the class of objects on which our state sums are defined. We shall do that in the next Section. 
SIMPLE 2-POLYHEDRA AND A STATE SUM MODEL
Simple graphs and simple 2-polyhedra.
By a simple graph we mean a finite graph (= finite 1-dimensional CW -complex) such that each point of it has a neighborhood homeomorphic either to R or to the union of 3 half-lines meeting in their common end point. Each simple graph is naturally stratified with strata of dimension 1 being the connected components of the set of points which have neighborhoods homeomorphic to R. The 0-strata of a simple graph are the (3-valent) vertices of . The 1-strata homeomorphic to R are called edges and 1-strata homeomorphic to S 1 loops of . (Thus some components of our simple graphs eventually contain no vertex.) A 2-dimensional polyhedron X is called simple 2-polyhedron (with boundary), if each point of X has a neighborhood homeomorphic either to (1) the plane R 2 , or (2) the union of 3 halfplanes meeting each other in their common boundary line (see Fig. 10 ), or (3) the cone over the 1-skeleton of a tetrahedron (see Fig. 11 ), or (4) the halfplane R 2 + , or (5) the union of 3 copies of the quadrant {(x, y) ∈ R 2 : x 0, y 0} meeting each other in the copies of the halfline x = 0 (see Fig. 12 ). The set of points of a simple polyhedron X which have no neighborhoods of types (l), (2), (3) is called the boundary of X and denoted by ∂X. It is a simple graph. Each simple 2-dimensional polyhedron is naturally stratified. In this stratification each stratum of dimension 2 (a 2-face) is a connected component of the set of points having neighborhoods homeomorphic to R 2 . Strata of dimension 1 are of the following two types: internal 1-strata which are connected components of the set of points without neighborhood homeomorphic to R 2 , but with neighborhoods as in Fig. 10 , and 1-strata of the boundary. Strata of dimension 0 are of two types also: internal 0-strata which are the points without neighborhoods of the types (1), (2) , (4) and (5), but with neighborhoods as in Fig. 11 , and the vertices of the boundary. Simple 2-polyhedra appear naturally as 2-skeletons of those cell subdivisions of compact 3-manifolds which are dual to triangulations.
Remark. Simple 2-polyhedra are also called fake surfaces. This class of 2-polyhedra is interesting from many viewpoints. For example, they are generic in the following senses:
(1) They are obtained by gluing surfaces with boundary to other surfaces or simple 2-polyhedra by generic mappings of boundary components. (2) They make a dense subset in the space of all metric 2-polyhedra (with respect to the Hausdorff metric). (3) By local operations, preserving simple homotopy type, one can transform any compact 2-polyhedron into a simple one (which, in the metric case, can be made arbitrarily close to the original 2-polyhedron).
State model for simple 2-polyhedra.
Let X be a simple 2-dimensional polyhedron (may be with non empty boundary). Let x 1 , . . . , x d be the vertices of X − ∂X, let E 1 , . . . , E f be the edges of ∂X and let 1 , . . . , b be the 2-strata of X. By a coloring of X we mean an arbitrary mapping
The coloring is said to be admissible, if for any edge E of X − ∂X the colors of the three 2-strata incident to E form an admissible triple. Denote the set of admissible colorings of X by adm(X). By a coloring of a simple graph we shall mean any mapping of the set of its 1-dimensional strata to I . A coloring of a simple graph is said to be admissible, if for each vertex the colors of the edges adjacent to it make an admissible triple. The set of admissible colorings of a simple graph will be denoted by adm( ). Any coloring of a simple 2-polyhedron X induces in a natural way a coloring of its boundary ∂X: a 1-stratum of ∂X takes the color of the 2-stratum of X in whose boundary this 1-stratum is contained. Evidently, if the coloring of X is admissible, then the induced coloring of ∂X is admissible too. The map adm(X) → adm(∂X) defined by this construction will be denoted by ∂.
With each vertex x of X − ∂X we associate a tetrahedron T x whose vertices and edges correspond respectively to germs of 1-strata and 2-strata of X incident to x (see Fig. 13 ). The 1-skeleton of T x is nothing but the polyhedral link of x in X. LetT x , be the dual tetrahedron, i.e. the tetrahedron whose vertices, edges and faces correspond respectively to faces, edges and vertices of T x . Thus edges and faces ofT x , correspond to germs of 2-strata and 1-strata of X incident to x. Each admissible coloring ϕ of X induces an admissible coloring ofT x : the color of the edge ofT x corresponding to a 2-stratum of X is defined to be ϕ( ) ∈ I . Denote the resulting admissibly colored tetrahedron byT 
For any admissible coloring α of ∂X put
If {ϕ: 
where α ∪ (β | Y ∩∂X ) and α ∪ (β | Z∩∂X ) are the colorings of ∂Y and ∂Z induced by α, β (note
Proof. Lemma 4.2.A is a direct consequence of the equality
which holds for any ϕ ∈ adm(X). Formula (10) 
For similar reasons,
Local moves on simple 2-polyhedra.
In the second half of eighties Matveev [10] and Piergallini [21] introduced several transformations of simple 2-dimensional polyhedra. Each of these transformations replaces a standard fragment of a simple polyhedron by some other standard fragment. In Figs 8 and 9 above we show two Matveev-Piergallini transformations. The transformation shown in Fig. 8 will be called the lune move and denoted by L. The transformation shown in Fig. 9 will be called the Matveev move and denoted by M. Note that these transformations do not change homotopy (and even simple homotopy) type of 2-polyhedron.
We also need the transformation shown in Fig. 7 . This move adds two new disk 2-strata and one circle 1-stratum and punctures one old 2-stratum. We shall call this move a bubble move and denote it by B.
Note that the moves M, L, B preserve the boundary. By Lemma 4.2.A it is sufficient to prove that
Invariance of the state sum with respect to local moves
for any β ∈ adm(∂Y ) = adm(∂Y ). Let , , be the faces of Y and E , E the edges of ∂Y pointed out in Fig. 14. Denote by x and y the vertices of Y which appear in Fig. 14 . Fix some β ∈ adm(∂Y ) and put j 4 = β(E ), j 6 = β(E"). 
Summing up these expressions over all ϕ ∈ ∂ −1 (β) we get zero because of condition ( * ) and the assumption j 4 = j 6 . Thus
On the other hand, Y (β) = 0, since j 4 = j 6 implies that no coloring of Y induces β.
Assume now that j 4 = j 6 . In this case there is a unique coloring ψ of Y which induces β. See Fig. 14 . By the definition
On the other hand,
By the condition ( * ) the sum in the latter expression equals δ j 4 
This finishes the proof. The proof of 4.4.B is quite similar to the proof of 4.4.A. Here five tetrahedra are involved into play: two tetrahedra correspond to the two vertices of X and three tetrahedra correspond to the three vertices of X . In Fig. 15 we present a convenient notation for colors of faces which converts ( * * ) into an equality similar to (11). For each simple graph we define the K-module C( ) to be the module freely generated over K by the admissible colorings of . One may equip C( ) with the scalar product C( ) × C( ) → K which makes the set of admissible colorings an orthonormal basis of C( ).
For any simple 2-polyhedron X the mapping α → X (α) uniquely extends to a K-linear homomorphism C(∂X) → K, which will be denoted also by X .
To each cobordism U = (X; i, j ) between simple graphs and we associate a homomorphism U : C( ) → C( ) defined on the generators by the formula
The identity morphisms in the category S of simple 2-polyhedra are trivial cobordisms id = ( × [0, 1]; i 0 , i 1 ) where i t : → × [0, 1]: x → (x, t). As follows directly from definition, id =id . This observation together with the following Theorem 4.5.A mean that we have a functor → C( ), U → U from the category S to the category K-Mod of K-modules. In analogy to topological quantum field theories it can be called a polyhedral 2-dimensional quantum field theory.
4.5.A THEOREM. If U is a cobordism between simple graphs and and V a cobordism between simple graphs and , then
where V • U is the composition of cobordisms U and V . 
PROOF OF INVARIANCE THEOREMS
Dual colorings.
Let M be a compact triangulated 3-manifold, X be the union of the (closed) barycentric stars of all edges of M. It is obvious that X is a simple 2-polyhedron with boundary ∂X = X ∩ ∂M. Each coloring ϕ of M induces a dual coloring ϕ * of X by the formula
where E is an edge of M and E * is the dual 2-cell of X. This establishes a bijective correspondence between colorings of M and those of X. It is straightforward to observe that ϕ is admissible if and only if ϕ * is admissible. Therefore, the formula ϕ → ϕ * induces a bijection adm(M) → adm(X).
5.1.A LEMMA. For any ϕ ∈ adm(M)
Proof. The Lemma follows directly from the definitions. One should take into account that all 2-strata of X are open 2-cells and all 1-strata of X are open edges (not loops). Thus χ( ) = 1 for any 2-strata of X, and χ(E) = −1 for any 1-strata E of X. Furthermore, if a (respectively, e) is the number of vertices of M (respectively, of ∂M) then A spine of a compact 3-manifold which is a simple polyhedron with empty boundary is called a simple spine of this 3-manifold.
A 2-dimensional polyhedron is said to be cellular if each stratum of its natural stratification is homeomorphic to Euclidean space of dimension 2, 1 or 0.
Remark. Casler [4] who first considered simple cellular 2-polyhedra called them standard polyhedra. Matveev [10, 11] used the term special polyhedron. Note that his definition slightly differs from that of Casler: he omitted the condition that the 1-strata are cells. However he meant the same notion, as follows from the fact that the main theorem of [11] is not valid for the lens space L(3, 1) if one admits simple spines with disk 2-strata and closed 1-strata.
6.1.A THEOREM (Casler [4]). Any compact 3-manifold has a simple cellular spine.
Note that a regular neighborhood U of any polyhedron X embedded in a 3-manifold M with ∂M ∩ X = ∅ is homeomorphic to the cylinder of some map π : ∂U → X. It is easy to see that in the case when X is a simple polyhedron without boundary, the map π can be taken to be a (topological) immersion in the sense that each point of ∂U has a neighborhood in ∂U mapping homeomorphically onto its image in X. As a summary we formulate the following assertion. 
Reduction of 6.2.A to 6.2.B.
Take any two simple 2-skeletons of a 3-manifold. By several bubble moves make them to be spines of the same manifold (the initial manifold with some collection of open balls removed). Furthermore make, if necessary, bubble moves to produce 1-strata. Then applying L several times, transform the simple spines obtained into simple cellular spines. Now we are in the situation of 6.2.B.
Digression: gluing simple polyhedra.
Let X be a simple polyhedron without boundary, be a simple graph. A topological immersion ϕ : → X is said to be generic, if the following conditions are fulfilled:
(1) all vertices of are mapped to 2-strata of X, (2) no vertex of X is contained in ϕ( ), (3) the restrictions of ϕ to 1-strata of are transversal to 1-strata of X. i.e. the inverse image of any 1-stratum of X is finite and at each point of it ϕ goes from one germ of 2-stratum of X to another, (4) ϕ has no triple points, (5) each double point s of ϕ is a transversal intersection of 1-strata of and lies in a 2-stratum of X. All these conditions obviously are conditions of general position. In particular any map → X can be approximated by generic topological immersion.
6.3.A. Let X be a simple polyhedron without boundary, K a simple polyhedron, L a component of ∂K and ϕ : L → X a generic topological immersion. Then the space X ∪ ϕ K is a simple polyhedron with the boundary ∂K − L.
It is clear that any simple polyhedron without boundary can be obtained from a closed surface by successive gluing of surfaces with boundary along generic immersions of their boundary curves. ‡ The bubble move applied to a simple cellular polyhedron gives a simple polyhedron, which is however not cellular. That is why Matveev and Piergallini did not consider this move.
Spines in relative situation. Let M be a compact 3-manifold with some simple graph embedded in ∂M. A simple polyhedron X with boundary is called a simple spine of the pair (M, ), if there exists an embedding i : X → M such that M collapses to i(X) and i(∂X) = = i(X) ∩ ∂M. A simple spine of (M, ) or (M − (several open balls), ) is called a simple 2-skeleton of (M, ).
6.4.A THEOREM. For any compact 3-manifold M and any simple graph ⊂ ∂M there exists a simple spine of (M, ).
Proof. Let X be a simple spine of M. By 6.1.B there exists an immersion π : ∂M → X such that M is homeomorphic to the cylinder of π . As it follows from 6.3.A and the fact that π is a topological immersion, after some small isotopy of in ∂M, the space X ∪ π | : ×1→X × [0, 1] is a simple polyhedron. It is obviously a simple spine of (M, ).
The simple spines constructed in the proof of 6.4.A have an additional property. If one removes from a simple spine of this kind all the strata whose closure intersects with ∂M, then the result will be a simple spine of M. Let us call a spine of (M, ) of this type a collar spine of (M, ). For each such spine the union of strata whose closure intersects ∂M is a cylinder over . 
6.4.B THEOREM. Any two collar spines of a pair (M, ), where M is a compact 3-manifold and ⊂ ∂M is a simple graph, can be transformed one to another by a sequence of moves
is homeomorphic to M. By a small isotopy of ⊂ ∂M, which does not change the topological types of spaces
with i = 1, 2, the family of 2-polyhedra
can be made such that for all but finite set t 1 , t 2 , . . . , t r of values of t the polyhedron S t is simple, the family S t with t ∈ (t i , t i+1 ) is an isotopy and passing by t through each of t i , gives a MatveevPiergallini move of S t .
6.4.C COROLLARY. Any two collar 2-skeletons of a pair (M, ), where M is a compact 3-manifold and ⊂ ∂M is a simple graph, can be transformed one into another by a sequence of moves M, L and B (and their inverses), with the intermediate results also being collar 2-skeletons.
6.5 Semifunctor "Skeleton". A closed (topological) surface with an embedded simple graph will be called a marked surface. A marked surface is said to be completely marked if each component of the complement of the graph is homeomorphic to R 2 .
Define the category MC whose objects are completely marked surfaces and morphisms are (compact 3-dimensional) cobordisms between the underlying (non-marked) surfaces. Denote by C the category of nonmarked surfaces and cobordisms between them.
Assign to a marked surface its simple graph and to a cobordism between two marked surfaces a collar simple 2-skeleton of this cobordism. It determines a semifunctor Ske : MC → Q where Q is the quotient category of the category S of cobordisms of simple graphs introduced in 4.5 above. Composition of this skeleton semifunctor with the functor Q → K-Mod introduced in 4.5 can be factorized through the forgetful functor MC → C. The semifunctor C → K-Mod obtained is a functor, which coincides with the functor (topological quantum field theory) defined in 2.3.
We obtain thus a new description of this functor: it assigns to a closed surface F a Kmodule Q(F ) which can be obtained as a quotient module of C( ) where is any simple graph embedded into F in such a way that each component of its complement in F is homeomorphic to R 2 . The factorization should be done by the kernel of the homomorphism induced by the trivial cobordism. To each cobordism it assigns the homomorphism induced by a collar simple 2-skeleton of this cobordism. In particular, to any closed 3-manifold M it assigns a homomorphism K → K (since Q(∅) = K) acting as multiplication by number |M| which can be calculated by formulae (7), (6) applied to any simple skeleton X of M.
Non-functorial generalization.
The condition that surfaces are completely marked has appeared in the definition of MC to define a functor. But in some situations noncomplete marking naturally arise. For example, if M is the complement of a regular neighborhood of a link. Then with each framing of the link one associates a graph on ∂M consisting of the longitudes of the link components. Then the state sum invariant of a simple 2-skeleton of (M, ) is an invariant of the initial framed link.
QUANTUM 6j -SYMBOLS
The 6j -symbols play an important role in the representation theory of semi-simple Lie algebras. The q-analogs (or q-deformations) of 6j -symbols for the Lie algebra sl 2 (C) were introduced in [3] and related to the representation theory of the algebra U q (sl 2 (C)) in [9] . Here we present certain results of [9] specialized to the case when q is a complex root of unity.
Introduction of the "initial data".
Fix an integer r 3 and denote by I the set of integers and half-integers {0, 1/2, 1, 3/2, . . ., (r − 3)/2, (r − 2)/2}. Fix a root of unity q 0 of degree 2r such that q 2 0 = q is a primitive root of unity of degree r. For an integer n 1 set
In particular, A triple (i, j, k) ∈ I will be called admissible if i + j + k is an integer and
For an admissible triple (i, j, k) put
Note that the expression in the round brackets presents a real number. By the square root x 1/2 of a real number x we will mean the positive root of |x| multiplied by These symbols are related by the following formula
The Rakah-Wigner symbol is computed by the following formula
Here z runs over non-negative integers such that all expressions in the square brackets are nonnegative i.e.
We define
The equalities (1) follow directly from definitions.
It is easy to show that
Our initial data consists of the set I , the function i → w i : I → C − 0, the admissible triples and the symbol | | described above, and w equal to either √ 2r/|q 0 − q
THEOREM. The initial data just described is irreducible and satisfy the conditions ( * )
, ( * * ) and ( * * * ) of Section 1.1.
Proof. It is easy to check that for any j ∈ {0, 1/2, 1, . . ., (r − 3)/2, (r − 2)/2} the triple j, |j − k|, k) is admissible. Therefore the initial data is irreducible. The substitution (16) transforms the formulas 6.16 and 6.18 of [9] (formulated in terms of the (q − 6j )-symbols { }) respectively into (*) and (**). Now let us check (***) with j = 0 i.e. prove that
Clearly, w 0 = 1. Further, by the definition of adm above,
Thus we have to prove that
By the definition of w k above,
Since q Therefore the right hand side of (18) equals
In certain special cases one may simplify the right hand side of (15) . Consider for instance a 6-tuple (i, j, k, l, m, n) ∈ I 6 with n = 0. Such a 6-tuple is admissible if and only if i = m, j = l and the triple (i, l, k) is admissible. One easily computes
Remark. The initial data introduced in 7.1 may be equipped with a function c : I → Z 2 satisfying the condition of Section 2.5. Namely c(i) = 2i(mod 2). Thus the corresponding topological quantum field theory can be refined along the lines of Section 2.5.
CALCULATIONS FOR SIMPLEST CLOSED 3-MANIFOLDS
Summary of results.
In this section we calculate |M| for several closed manifolds M, which allow simple skeleton without 0-dimensional strata. Since the calculation in those cases does not involve 6j -symbols, we are able to formulate results in terms of w and w i , and, for the initial data of Section 7, to find |M| for all values of q 0 .
8.1.A. For any initial data
where N(i) is the number of j ∈ I such that (i, j, j) ∈ I . L(3, 1) . For L (3, 1) there is an obvious simple skeleton X homeomorphic to circle with disk adjoined by three-fold covering. The colorings of X correspond to colors i ∈ I with (i, i, i) ∈ adm: the only 2-stratum can be colored with any color such that along the 1-stratum the admissibility condition is fulfilled. As in 8.3, for coloring ϕ i , corresponding to i, formula (6) Calculation of the sum gives (26).
8.1.B. For the initial data of Section 7
S 3 = w −2 = − q 0 − q −1 0 2 /2r,(24)RP 3 = (q 0 − 1)(q −1 0 − 1) r , if (−q 0 ) r = −1, 0, if (−q 0 ) r = 1,(25)|L(3, 1)| = q [(r−2)/3]+1 0 − q −[(r−2)/3]−1 0 2 −2r ,(26)S 1 × S 2 = 1.(27)
Lens space
where K is Klein bottle, S 1 ×D 2 solid torus, and π :
The meridian 0 × ∂D 2 of the solid torus is
projected by π to a simple closed curve on K with complement K − π(0 × ∂D 2 ) homeomorphic to cylinder I × S 1 . Therefore X has two 2-strata: this cylinder and the meridian disk. A coloring of X is determined by the colors of the meridian disk and cylinder. Denote these colors by i and j respectively and the coloring by ϕ i,j . Formula (6) gives
The right hand side does not depend on j . The number of colorings with a given i is equal to N(i), since the condition (i, j, j) ∈ I is admissibility conditions along the only 1-stratum of X. It proves (23).
A straightforward calculation shows that for the initial data of Section 7
It follows that
Laborious, but straightforward evaluation shows that this expression equals 1 for all values of q 0 .
THE CASE r = 3
In this section we explicitly describe the initial data introduced in Section 7 for the case r = 3 and compute the corresponding invariants of simple polyhedra and 3-manifolds. We have
It is easy to verify that each admissible 6-tuple may be transformed by the action of the symmetric group S 4 mentioned in Section 1.1 into one of the following three 6-tuples: (0, 0, 0, 0, 0, 0), (1/2, 1/2, 0, 1/2, 1/2, 0) and (0, 1/2, 1/2, 1/2, 0, 0) . The formula (19) implies that
Thus we have 4 initial data depending on the choice of ε = ±1 and w = ± √ 2. In the case ε = +1 we have
and in the case ε = −1 we have
9.2 Interpretation. The state sum invariants of simple 2-polyhedra corresponding to the initial data described in Section 9.1 admit the following interpretation in a more traditional spirit.
Let X be a simple 2-polyhedron with boundary and α an admissible coloring of ∂X. Since the only admissible triples (up to permutations) are (0, 0, 0) and (0, 1/2, 1/2), the closures of 1-strata of ∂X whose α-color equals 1/2 form a closed 1-dimensional manifold lying in ∂X. Denote this 1-manifold by S(α). Note that closed 1-dimensional submanifolds of ∂X bijectively corresponds to elements of H 1 (∂X; Z 2 ). Similarly, with each admissible coloring ϕ of X we associate the surface S(ϕ) formed by the closures of 2-strata of X with ϕ-color 1/2. It is obvious that
∂S(ϕ) = S(∂ϕ).
It is easy to see that the formula ϕ → S(ϕ) establishes a bijective correspondence between the admissible colorings of X extending α ∈ adm(∂X) on the one hand and the surfaces imbedded into X formed by (closures of) 2-strata and bounded by S(α) on the other hand. The latter surfaces correspond bijectively to elements s ∈ H 2 (X, ∂X; Z 2 ) with ∂s ∈ H 1 (∂X; Z 2 ) being the class of S(α).
9.2.A. Let ϕ ∈ adm(X). If ε = −1 then
where χ(S) is the Euler characteristic of S.
Proof. The vertices of X with respect to the surface S = S(ϕ) are of the following four types:
(1) the vertices not lying on S (the corresponding 6-tuple is (0, 0, 0, 0, 0, 0)); (2) the vertices adjacent to four germs of the 2-strata contained in S (the corresponding 6-tuple is (1/2, 1/2, 0, 1/2, 1/2, 0)); (3) the vertices adjacent to three germs of the 2-strata contained in S (the corresponding 6-tuple is (0, 1/2, 1/2, 1/2, 0, 0)); (4) the vertices lying in ∂S. Let us denote the numbers of the vertices of these four types by n 1 , n 2 , n 3 and n 4 respectively. Denote the number of the 1-strata of X homeomorphic to R 1 and contained in S by e. The obvious relation n 4 + 3n 3 + 4n 2 = 2e implies that n 4 + n 3 is even.
Let ε = −1. The formula (6) implies that
Let ε = 1. Then
where χ is the Euler characteristic of the union of the 2-strata contained in S and u is the number of 1-strata of ∂X contained in ∂S. Obviously u = n 4 and
This implies our claim in the case ε = 1.
9.2.B COROLLARY. If
where b is the dimension of the Z 2 -vector space
where [S(α)] is the class of S(α) in H 1 (∂X; Z 2 ) and χ(s) is the Euler characteristic of the unique relative cycle realizing s.
The case of closed 3-manifolds. For a space
If ε = 1 then
where
Proof. The first claim follows from Corollary 9.2.B applied to the 2-skeleton of the dual cell subdivision of any triangulation of M and Lemma 5.1.A.
The second claim is proven similarly using the fact that the Euler characteristic of an embedded closed surface S ⊂ M is congruent modulo 2 to t 3 + w
where t is the cohomology class dual to [S] ∈ H 2 (M; Z 2 ).
9.3.B Remark.
If M is orientable and t 3 = 0 for all t ∈ H 1 (M; Z 2 ) then the right hand side of (20) obviously equals 2
If M is orientable and there exists t ∈ H 1 (M; Z 2 ) with t 3 = 0 then the right hand side of (20) is equal to zero. This follows from the fact that for orientable M the mapping
9.4 The case of 3-manifold with boundary. Let M be a compact 3-manifold with triangulated boundary and α an admissible coloring of ∂M. Let S(α) be the 1-cycle in ∂M formed by barycentric stars of the edges of ∂M with α-color 1/2.
9.4.A. Let ε = −1. If the cycle S(α) presents a non-trivial element of H
where c is the number of vertices of ∂M.
Proof. The proof is similar to that of 9.3.A.
9.4.B. Let ε = 1. If the cycle S(α) presents a non-trivial element of H
1 (M; Z 2 ) then M (α) = 0. If M is orientable and there exists t ∈ H 1 (M, ∂M; Z 2 ) with t 3 = 0 then M (α) = 0 for any α. If M is orientable and t 3 = 0 for all t ∈ H 1 (M, ∂M; Z 2 ) and S(α) is null-homologous in M then M (α) = w −c 2 b 2 (M)−b 0 (M) (−1) χ
where χ is the residue modulo 2 of the Euler characteristic of any compact surface embedded in M and bounded by S(α). (Under our assumptions χ does not depend on the choice of the surface.)
Proof. The proof is similar to that of 9.3.A, cf. also Remark 9.3.B.
9.5
The topological quantum field theory. Let F be a closed surface. It is easy to compute the vector space Q(F ) defined in Section 2.3. For any ε = ±1 the space Q(F ) is C[H 1 (F ; Z 2 )] (i.e. the linear space over C freely generated by elements of H 1 (F ; Z 2 ) ). This follows from 9.2.A and the fact that the Euler characteristic of an annulus equals zero. The morphisms induced by cobordisms are easily computable via theorems of Section 9.4.
Remarks on possible generalizations.
The results of 9.2 suggest to consider state sums for which colorings are 2-cycles of simple 2-polyhedra. It is not difficult to prove that the state sums of Section 9.2 are the only (up to linear combinations) state sums based on initial data with two colors such that the colorings of simple 2-polyhedra are 2-cycles over Z 2 . For cycles with Z 2 ⊗ Z 2 coefficients, all state sums of such kind (with 4 colors) are linear combinations of the state sums corresponding to Z 2 coefficients. One can consider also Z 3 -cycles (this urges to involve orientations of 2-strata and thus to reduce the class of 2-polyhedra). In this case there is essentially only one state sum, and its value equals the number of elements of H 2 (X; Z 3 ) (for the information on state sums related to Z 2 ⊗ Z 2 and Z 3 we are indebted to G. Mikhalkin). First, remind some results of Alexander [1] and Newman [12] .
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Recall that the boundary ∂P of a dimensionally homogeneous polyhedron P of dimension n is defined to be the union of the closed (n − 1)-simplexes of P which are faces of an odd number of n-simplexes. For manifolds this notion coincides with the usual notion of boundary. A star subdivision of P along a simplex E is said to be internal if E does not lie in ∂P .
A triangulated polyhedron is called a formal cell if one can transform it into a simplex by a series of star subdivisions and inverse operations. Now let us proceed to prove Theorem 3.2.A. It suffices to consider the case when one of the two triangulations of P is a subdivision of the other one. Indeed, for any two combinatorially equivalent triangulations of P coinciding on Q we can consider the cell subdivision of P formed by intersections of their simplexes. Inductively on m = 0, 1, . . . we replace each m-cell not lying in Q by the cone over its boundary. This produces a triangulation of P which is finer than the two initial ones and coincides with them on Q.
We use induction on dimP . For dimP = 0 the claim is obvious. Assume that for dimP < n the claim holds true. Let us prove it for dimP = n. Let X and Y be two triangulations of P coinciding on Q and let Y be finer than X. For each closed n-simplex A of X the simplexes of Y lying in A form a triangulation of A. By A.1.A this triangulation makes A a formal cell. Using A.l.B we transform this triangulation of A into the cone over ∂A. Thus the triangulation Y is transformed to a triangulation Z such that it is finer than X and on each n-simplex A of X it is the cone over the triangulation of ∂A induced by Z.
Consider the triangulated pair (X n−1 , X n−1 ∩ Q), where X n−1 is the (n − 1)-skeleton of X. The triangulation Z induces a subdivision of X n−1 identical on X n−1 ∩ Q. By the inductive assumption this subdivision can be "Alexander" transformed identically on X n−1 ∩ Q to the triangulation induced by X. Because of the cone structure of Z on n-simplexes of X, these transformations can be extended to a chain of Alexander transformations identical on Q and converting Z to X.
Remark. In fact Alexander [1] refined Theorem 3.1.A. He proved that it is sufficient to use the Alexander transformations along edges (and their inverses) only. This refinement can not be directly extended to the relative case. For example, let P be a simplex and Q = ∂P . The canonical triangulation of P can be converted into any of its non-trivial subdivisions identical on Q by no chain of internal Alexander moves along edges and their inverses. This follows from the fact that the canonical triangulation of P has no internal edges.
Under certain assumptions on Q one may use Alexander's arguments to show that any two combinatorially equivalent triangulations of a polyhedron P ⊃ Q coinciding on Q can be related by a sequence of Alexander transformations along edges not lying in Q and inverses of such transformations. Here is an example of such an assumption on Q: any 3 edges of Q forming a triangle bound a 2-simplex of Q. This assumption is not restrictive since each triangulation has a subdivision satisfying it. For example one may take the first barycentric subdivision.
APPENDIX 2 STRATIFICATIONS, SPINES AND PRESENTATIONS OF MANIFOLDS
A.2.1 Stratifications. By a stratification of a (piecewise linear) manifold X we mean a partition of X on disjoint parts (which are called strata) with the following properties:
(1) each stratum is a submanifold of either IntX or ∂X; (2) as a manifold each stratum has empty boundary; (3) the closure of each stratum is a subpolyhedron of X which is the union of a finite number of strata.
We consider only stratifications which satisfy an additional property of "local triviality" along strata. An arbitrary stratification can be canonically subdivided to satisfy this property. A stratification of a manifold X is said to be locally trivial if each point of any stratum S has a neighborhood U in X such that there exists a homeomorphism U → V × R 4 , where V is R p or R p + , mapping U ∩ S onto pt × R 4 and the intersection of U with any stratum onto C × R 4 , where C is a submanifold of V . These C's constitute a stratification of V .
A locally trivial stratification of X is said to be simple, if for each point of X the stratification of V mentioned above is homeomorphic to the cone over the standard stratification (by faces) of the boundary of the p-dimensional simplex, in the case V = R p , and, in the case V = R p + , to the same stratification, but with one p-dimensional stratum removed.
If each stratum is homeomorphic to an Euclidean space, then the stratification is called a cellular stratification.
The most classical stratifications of manifolds are triangulations. They are locally trivial cellular stratifications, but in general they are not simple (in the sense specified above).
Another classical set of locally trivial cellular stratifications are stratifications dual to triangulations of manifolds without boundary, i.e. partitions of manifolds on barycentric stars of simplexes of triangulations. These are simple stratifications.
In the case of a manifold with non-empty boundary the corresponding simple stratifications consist of the intersections of the barycentric stars with the interior and the boundary of the manifold.
Remark. There is another version of the theory, in some sense dual to the version above, but coinciding with it in the case of empty boundary. In this variant strata are allowed to have boundary, but forbidden to lie in ∂X. Then a triangulation of a manifold with non-empty boundary is not a stratification, but the barycentric stars form a stratification in this sense.
A.2.2 Simple polyhedra. Let
n be the n-th skeleton of the standard triangulation of the boundary of the standard (n + 2)-dimensional simplex. In particular, 0 consists of three points, 1 is the graph homeomorphic to a circle with 3 radii, −1 = ∅.
Let n q with 0 q n + 1 be the q-fold suspension over n−q . In particular,
is homeomorphic to a circle with diameter, 1 2 is the 2-fold suspension of the empty set, i.e. a circle.
A polyhedron X is called a simple polyhedron of dimension n if the link of each its point is homeomorphic to n−1 q for some q, 0 q n. (This condition can be reformulated as follows: any point of X has a neighborhood homeomorphic to the cone ( n−2−q ) × R q .) In particular, for n = 2 this definition is equivalent to the one given in Section 4.1.
Simple polyhedra appear naturally as skeletons of codimension one of simple stratifications of manifolds. In particular, simple 2-skeletons of 3-manifolds introduced in Section 6.1 are skeletons of codimension one of the corresponding simple stratifications of the manifolds.
It is obvious that a simple n-dimensional polyhedron has a natural stratification in which the strata of dimension q consist of points with links homeomorphic to n−1 q . Simple polyhedron is said to be cellular if each stratum of the natural stratification is homeomorphic to Euclidean space. The codimension 1 skeleton of simple cellular stratification of a manifold is a simple cellular polyhedron.
An (n − 1)-dimensional spine of an n-manifold, which is (as a polyhedron) simple (respectively simple cellular), is called a simple (respectively simple cellular) spine.
The following generalizes Theorem 6. Remark. Note that 6.1.B gives a convenient way of description of 3-manifolds. (It can be also generalized to higher dimensions, but in high-dimensional situation it does not give a visualization of manifolds.) Namely, consider the inverse image of the natural stratification of a simple spine of a 3-manifold under the topological immersion given by 6.1.B. It is a stratification with 1-skeleton being a simple graph. Each 0-stratum of it consists of 4 points, and if the simple spine is in fact cellular then each 1-stratum consists of 3 segments and each 2-stratum consists of 2 disks. The components of strata are provided with natural identifications. This picture can be used to describe compact 3-manifolds: any stratification of the boundary of a compact 3-manifold with the properties listed above and with identifications of components of strata agreed in the obvious sense on adjacent strata determines a special 2-polyhedron (as the quotient space) and a topological immersion (the factorization map) and thus the 3-manifold (as the cylinder of this immersion). The natural version of this construction for the case of closed 3-manifolds is essentially the classical presentation via a polyhedron with pairwise identification of faces, see [14] and Starets [15] . The restrictions on identifications of vertices (4-fold identification as above) and edges (3-fold identification) are not involved in these classical presentations of closed 3-manifolds. These restrictions guarantee that the quotient space is a 3-manifold, but in the closed case it is sufficient to put a weaker restriction in terms of Euler characteristic, see [14] . The same relaxation of restrictions can be done in the case of 3-manifolds with boundary. It leads to the following type of descriptions.
Fix a cell decomposition of a closed surface F , fix a division of the set of 2-cells (faces) on pairs, and for each of these pairs fix a homeomorphism between the faces involved. The homeomorphisms are assumed to preserve the natural partitions of the boundaries of the 2-cells. Fig. 17 . We will denote it by F . It is clear that F can be considered as a special case of L and that L is simpler than F . However from some point of view F is better. Indeed, applications of F ±1 and M ±1 to a simple cellular spine of a compact 3-manifold can be realized inside this 3-manifold and thus give simple cellular spines of the same 3-manifold. Moreover Matveev and Piergallini [11, 21] Contrary to T ±1 and M ±1 , an application of L to a simple cellular spine of a 3-manifold can give a simple cellular polyhedron which is a spine of no 3-manifold. Thus one can not just replace
If an application of L to a spine gives a spine of some 3-manifold, then this 3-manifold is homeomorphic to the initial one. Further, an application of L −1 to a simple cellular polyhedron can give a simple polyhedron, which is not cellular. But any application of L −1 to some simple spine of a 3-manifold gives a simple spine of the same 3-manifold.
A.2.4 Moves of high-dimensional simple cellular polyhedra.
The system of moves L, M, B can be generalized straightforwardly to the case of arbitrary simple n-polyhedra in such a way Fig. 17 . Fig. 18 . that a generalization of Theorem 6.2.A holds true. Except the analogue of B, these moves can be described as follows. One of the highest-dimensional strata, say R, is moving via isotopy of its boundary in the complement of R so that the intersection of ∂R with another stratum undergoes a Morse modification of some index. In Fig. 18 this system of moves is shown for n = 2. For arbitrary odd n it consists of (n 2 + 3)/4 transformations, and for even n of (n 2 + 4)/4 transformations.
In high-dimensional situation combinatorics of a simple stratification of a manifold is not as rich as in dimensions 3, since it does not contain an important part of the topological information on the manifold. This information can be hidden in the topology of strata. Thus it is more natural to consider simple cellular polyhedra and heir moves.
The system of moves for simple cellular n-polyhedra consists of moves M In the 2-dimensional case considered in the main text of this paper, M 2 is just the Matveev move M and M 3 = M −1 . In Fig. 19 we show the moves M 1 and M 2 for n = 1 and M 1 for n = 2.
The transformations of simple cellular stratifications of n-manifolds inducing M i on the (n − 1)-skeletons will be called also M i .
One can show that any two simple cellular stratifications of a closed n-manifold can be transformed one to another by a series of moves M i . Furthermore one can modify the theory to the relative case as in Section 6.
A.2.5 Singular triangulations and their dualization.
An important property of triangulations is that each triangulation can be completely described (up to homeomorphism) in a discrete combinatorial way. Therefore triangulations provide a method of combinatorial description of Fig. 19 . manifolds. But usually triangulations have so many simplexes that it is hard to use them in practice when some manifold is to be described. The natural way to avoid this difficulty is to generalize triangulations. The most usual generalization is the notion of CW -complex, but it leads to a loss of the combinatorial character of the theory. The following notion lies between the notions of triangulation and CW -complex.
Let X be a space. (1) and incorporating the condition that the intersection of any two simplexes is their common face convert this definition into a definition of triangulation.
The construction of the barycentric star stratification can be generalized in an obvious way to a construction which assigns to any cellular stratification of a manifold a dual stratification defined up to ambient isotopy. An application of this construction to a singular triangulation of a P L-manifold gives a simple cellular stratification. Conversely an application of this construction to any simple cellular stratification gives a singular triangulation. Thus the construction yields a 1-1 correspondence between singular triangulations and simple cellular stratifications.
Usually one can find for a given manifold singular triangulations and simple cellular stratifications which are considerably smaller than triangulations. For example it is easy to prove that any closed connected manifold has a singular triangulation with only one vertex. A closed orientable surface of genus g has singular triangulations with 4g − 2 triangles.
The moves M, L of simple 2-polyhedra introduced in Section 4.3, being applied to a simple cellular 2-skeleton of a 3-manifold, induce transformations of the corresponding simple cellular stratification of the 3-manifold. The corresponding transformations of the dual singular triangulation are shown in Fig. 20 Since the bubble move transforms a simple cellular stratification of a 3-manifold into a noncellular one, it can not have a dual move. The bubble move can be replaced in this situation by the Alexander move along 3-simplex. It follows from A.2.5.A that this move together with moves shown in Fig. 20 (and their inverses) enable one to relate any two singular triangulations of a compact 3-manifold.
Let us describe now the move which is dual to the move M i of Section A.2.4. Note first that the move dual to M 1 , is just the Alexander move along a simplex of dimension n, where n is the dimension of the manifold under consideration. Consider now the case of M i with i > 1.
Suppose for a moment for the sake of simplicity that the triangulation is non-singular. Let the link of one of the (i − 1)-simplexes is strata preserving homeomorphic to the canonically triangulated boundary of (n − i + 1)-simplex. Then the star of this (i − 1)-simplex is triangulated as a join of it with the boundary of (n − i)-simplex and the boundary of the star is triangulated as a join of boundaries of (i − 1)-and (n − i)-simplexes. It can be span by the join of (n − i)-simplex with the boundary of (i − 1)-simplex. The transformation dual to M i replaces the star of the (i − 1)-simplex by this join of (n − i)-simplex with the boundary of (i − 1)-simplex. * Consider now the case of singular triangulations. The move dual to M i can be applied iff the closure of the barycentric star of one of the (i − 1)-simplexes is strata preserving homeomorphic to the canonically triangulated (n − i + 1)-simplex. Note that for any simplex S there is a natural strata preserving map of the join of the closure of S and the boundary of its barycentric star onto the closed star of S, this map is identity on S and 1-1 on the complement of the boundary of the barycentric star. In the situation under consideration the move dual to M i replaces the stratification of the star of the (i − 1)-simplex by the image under this map of the triangulation of the join above presented as the join of the barycentric star with the boundary of the (i − 1)-simplex.
Since any two simple cellular stratifications of a closed manifold can be transformed one to another by a series of moves M i , any two singular triangulations of a closed manifold can be transformed one to another by a series of the moves dual to M i . * * * Added in proof: Transformations dual to M i for triangulations were introduced by Udo Pachner in [19] . Pachner called them bistellar transformations. In [20] he proved that any two triangulations of the same PL-manifold can be obtained from each other by a sequence of bistellar transformations.
* * Added in proof: It follows from Pachner's results [20] .
